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A Note on Dirichlet Characters 

By Richard H. Hudson 

Abstract. Denoting by r(k, m, p) the first occurrence of m consecutive kth power residues 
of a prime p 1 (mod k), we show that r(k, m, p) > c log p for infinitely many p (c is 
an absolute constant) provided that k is even and m ? 3. 

1. Introduction. Throughout this paper, k will be an integer > 2 and p a prime 
1 (mod k). It follows from a theorem of A. Brauer [1] that, for each positive integer 

m and "sufficiently large" p, there exists a positive integer r and kth power Dirichlet 
character mod p such that 

(1.1) X(r) = X(r + )= x(r + m- 1)- 1. 

D. H. Lehmer and E. Lehmer [5] denoted by r(k, m, p) the smallest positive integer r 
satisfying (1.1) and defined A (k, m) to be the least upper bound of r(k, m, p) where the 
suprenum is taken over all but the finite exceptional set of primes for which no such r 
exists. 

In [8], W. H. Mills noted the obvious connection between the class Fk of all totally 
multiplicative functions f defined on the positive integers taking on values in the group 
of kth roots of unity and the class of kth power Dirichlet characters mod p. The author 
is credited in [11] with preparing for publication a manuscript of I. Schur and using 
this paper to solve the conjecture of Mills [8] that there are only two functions in F2 for 
which there is no positive integer r with 

(1.2) f(r) = f(r + 1) = f(r + 2) = 1. 

In [4], the author indicated that the Mills conjecture can be combined with D. A. 
Burgess's [2] well-known bound for the maximum number of consecutive elements in 
any of the cosets of the group of kth powers (mod p) to show that 

(1.3) r(2, 3, p) << p1/4 log p. 

The implied constant in (1.3) is absolute and I have recently calculated an admissible 
value (approximately 271). However, the proof is long and will not be presented here. 

Instead, in this note, we look the other direction and show that 

(1.4) r(k, m, p) zL o(log p) 

if k is even and m ? 3. This is, of course, stronger than the result proved by Lehmer 
and Lehmer [5] that A(k, m) = o if m ? 3. We conjecture, but are unable to prove, 
that (1.4) holds for all k if m _ 4 and we refer the reader to [3] for a possible means of 
attacking this problem. If m = 2 or if k is odd and m = 3, it has been conjectured that 
r(k. m. v) is finite in sharD contrast to (1.4). There is a remarkable asymmetry in the 
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fact that (1.4) holds if k is even and m = 3, but is false if m = k = 3 since A(3, 3) = 

23,532 (cf. [6]). 

2. A lower bound for r(k, m, p). 
THEOREM. For each even integer k and each integer m _ 3, there exist infinitely 

many primes p such that 

(2.1) r(k,m,p) > clogp, 

where c is a positive absolute constant. 
Proof It is clearly sufficient to prove the proposition for r(2, 3, p) since r(k, m, p) > 

r(2, 3, p) if k is even. 
Let qt, i = 1, 2, * * , denote the ith prime. It is well known that, for each fixed 

integer n, there exist infinitely many primes p such that 

(2.2) (qj/p) = ai 

where ai is either + 1 or -1 for each i = 1, 2, , n. 
In fact, letting 

(2.3) d. = 4q, *.* 

it is known [10] that there exist ep(dn)/2n integers I with I < dn and (1, dn) = 1 such that 
(2.2) holds for every prime p _ I (mod d). Corresponding to each such number 1, 
let pn denote the smallest prime -I (mod do). It follows from Linnik [7] that 

(2.4) p, < d. 

where s is an absolute constant. Now 

(2.5) (t/s) log pn < log dn, 

but log dn = log 4 + {(qn) where 4(x) is the Chebyshev function. Since Rosser and 
Schoenfeld [9] have shown that 

(2.6) I(x) < x(t + 17(2 log x)) for every x > 1, 

it follows that 

(2.7) log dn < qn + qn/(2 log qn) + log 4 < 2(qn - 2) 

forn > 4 (qn > 7). 
Now, assume that the values ai in (2.2) are chosen so that 

(2.8) a 1 if qj I (mod 3), 

= -I if q ,2 (mod 3), 

for i = 1, 2, ,n- land that 

(2.9) an = -1 if qn 1 (mod 3), 

= 1 if qn= 2 (mod 3). 

Clearly, r(2, 3, pn) qn- 2 and it follows from (2.5) and (2.7) that, for each n > 4, 

(2.10) r(2, 3, Pn) ? (1/2s) log Pn. 
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The result now follows from the obvious fact that so(dn)/2n -> co> as n - . 
Remark. It is clear from [10] that the lower bound c log p holds also for r2(p), 

the smallest positive prime quadratic residue. It is curious that large values of the 
smallest prime quadratic residue and large values of the first run of three consecutive 
quadratic residues are mutually exclusive. In fact, it is easily checked that if p ? 17 
and r2(p) > 7, then r(2, 3, p) < 14 and if p ? 17 and r(2, 3, p) > 14, then r2(p) < 7. 
Is a similar result true for each m > 3? 
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